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A B S T R A C T

We present fastrerandomize, an R package for fast, scalable rerandomization in experimental design. 

Rerandomization improves precision by discarding treatment assignments that fail a prespecified covariate-

balance criterion, but existing implementations can become computationally prohibitive as the number of units 

or covariates grows. fastrerandomize introduces three complementary advances: (i) optional GPU/TPU accel­ 

eration to parallelize balance checks, (ii) memory-efficient key-only storage that avoids retaining full assignment 

matrices, and (iii) auto-vectorized, just-in-time compiled kernels for batched candidate generation and infer­ 

ence. This approach enables exact or Monte Carlo rerandomization at previously intractable scales, making it 

practical to adopt the tighter balance thresholds required in modern high-dimensional experiments while simul­ 

taneously quantifying the resulting gains in precision and power for a given covariate set. Our approach also 

supports randomization-based testing conditioned on acceptance. In controlled benchmarks, we observe order-

of-magnitude speedups over baseline workflows, with larger gains as the sample size or dimensionality grows, 

translating into improved precision of causal estimates. Code: github.com/cjerzak/fastrerandomize-software. 

Interactive capsule: fastrerandomize.github.io/space.
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1 . Motivation and significance

Randomized experiments remain a cornerstone of empirical research 

across the social, biomedical, and other data-intensive sciences. While 

randomization guarantees unbiasedness, it can—especially in small 

samples or high-dimensional settings—produce treatment and control 

groups with appreciable covariate imbalance, inflating variance and re­ 

ducing statistical power. Rerandomization addresses this challenge by 

repeatedly drawing candidate assignments and accepting only those that 

pass a prespecified balance criterion [1,2]. Conditioning subsequent in­ 

ference on the accepted set maintains valid design-based guarantees 

while improving precision.

Despite its conceptual simplicity, rerandomization can be computa­ 

tionally demanding. As the number of units grows, the space of possible 

assignments explodes combinatorially, and stringent balance thresholds 

may imply very low acceptance probabilities. In contemporary appli­ 

cations, covariate sets often include hundreds or thousands of features 

from text, images, or networks, exacerbating both runtime and memory 

pressure [3–5]. Practitioners might either forgo rerandomization or rely 

on ad hoc workflows that are difficult to scale.

Open-source software has advanced the state of practice in ran­ 

dom assignment and randomization-based inference (e.g., RItools, 

ri2, randomizeR, RATest, RCT2 [6–10]). A smaller ecosystem targets 

rerandomization directly, including tools for power analysis, threshold 

selection, or iterative assignment generation [11–14]. Yet two persistent 

gaps remain: (i) scalable generation and storage of large pools of can­ 

didate randomizations under tight balance thresholds, and (ii) efficient, 

design-respecting inference once those pools are constructed.

fastrerandomize addresses these gaps through three complemen­ 

tary contributions:

1. Accelerated balance checks. Batched, auto-vectorized kernels 

evaluate balance criteria across many candidates in parallel; 

GPU/TPU support further reduces latency.

2. Key-only storage. Instead of caching full assignment matrices, 

the backend retains compact pseudo-random keys sufficient to re­ 

generate any accepted assignment on demand, greatly reducing 

memory requirements.

3. Integrated design-based inference. Exact or Monte Carlo gen­

eration integrates with randomization tests conditioned on accep­ 

tance, including optional fiducial intervals [15,16].

Together, these features extend rerandomization to experimen­ 

tal scales—large 𝑛, high-dimensional covariates, and tight balance 

thresholds—that were previously impractical, while maintaining the 

rigorous design-based guarantees emphasized in the theoretical liter­ 

ature [1,2]. The practical need for such acceleration is most acute 

in modern applications where covariates are themselves outputs of 

deep learning pipelines—text embeddings, satellite-image descriptors, 

or neural-network features—that can yield hundreds or thousands of 

covariates per unit [3–5]. Achieving the level of balance needed to 

markedly improve precision and reduce 𝑝-hacking in high-dimensional, 

representation-rich experiments [17] requires much more selective 

rerandomization rules and correspondingly larger pools of candidate as­ 

signments. fastrerandomize is designed to make this high-dimensional 

regime practically accessible: its accelerated balance checks and key-

only storage allow researchers to adopt stringent, theoretically moti­ 

vated thresholds in settings where covariates are derived from contem­ 

porary machine-learning models, without abandoning the rerandomiza­ 

tion framework or incurring prohibitive computational costs.

2 . Software description 

2.1 . Architecture

fastrerandomize follows a two-layer design (Fig. 1):

• An R front-end provides a compact API for assignment generation 

and inference, handling data validation, user-facing options, and 

I/O.

• A JAX backend (managed via reticulate) compiles batched ker­

nels for candidate generation, balance evaluation, and randomiza­ 

tion tests. Where available, XLA (the Accelerated Linear Algebra 

compiler) compiles and dispatches these kernels to GPUs/TPUs; 

otherwise, optimized CPU kernels are used.

Two additional design choices underpin the scalability of random­ 

ization to previously computationally prohibitive scales:

Batched processing. Candidate assignments are generated and evalu­

ated in batches to limit peak memory usage. Batching amortizes kernel 

launches and data transfer overhead while allowing auto-vectorized 

linear algebra to saturate available compute units.

Key-only storage. For Monte Carlo workflows, fastrerandomize stores 

pseudo-random number generator (PRNG) keys for accepted assign­ 

ments (rather than full 𝑛-length vectors). When an assignment is 

needed—for plotting, export, or inference—the PRNG deterministically 

regenerates it from its key. If the key length is 𝐿 ≪ 𝑛, memory decreases 

by a factor of approximately 𝑛∕𝐿, enabling very large pools without 

overwhelming memory (Fig. 2).

2.2 . Choosing stringency

Having described the batched, accelerator-aware pipeline, we now 

turn to the practical question that governs how the software is used: 

given an observed imbalance distance, what does it imply for precision, and 

how stringent should rerandomization be?

We begin with a simple working model, drawing on the foundations 

of [1,2]. Let 𝑋 ∈ R 

𝑛×𝑑  denote pre-treatment covariates that have been 

column-standardized and whitened so that Σ 𝑋 

≈ 𝐼 𝑑 

, and (by a mul­ 

tivariate CLT / Gaussian approximation for sample mean differences) 

Fig. 1. Core workflow in fastrerandomize.
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Fig. 2. Key-only storage. Ephemeral assignment vectors are generated, checked for balance, and discarded; only keys for accepted draws are retained. Assignments 

can then be regenerated on demand for analysis, reducing memory by ≈ 𝑛∕𝐿.
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term is a data-dependent penalty from the observed imbalance 𝑀 . The 
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ther by larger effects |𝜏| or by smaller 𝑀 ; once this ratio is already large 

enough for the study’s power target, tightening balance further will not 

change conclusions in a meaningful way. 
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Instead of setting a threshold on 𝑀 , it is operationally simpler to 

specify an acceptance probability 𝑞 (e.g., retaining the best 1% of candi
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the expected MSE:
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Thus, increasing stringency (lowering 𝑞) leaves irreducible residual 

variance (𝜎 

2 ) unchanged while systematically attenuating the error 

contribution from prognostic imbalance.

As a rule of thumb, at 𝑞=0.01 acceptance, the expected scaling term 

on the covariate-imbalance factor is 𝑣 𝑎 

(𝑑) = 0.45 at 𝑑=30, it is 0.66
at 𝑑=100, and it is 0.88 at 𝑑=1000 (larger values mean greater contri­ 

bution to MSE from imbalance). In precision terms, this translates, at 

𝑛 𝑇=𝑛 𝐶 

=500 and 𝑅 

2 =0.5, to an RMSE reduction of about 15% at 𝑑=30, 

but only 3% at 𝑑=1000. Therefore, in very high-𝑑 settings, even more 

selective acceptance rates are necessary to yield the same precision 

gains as in small dimensionality settings [1]—further motivating the 

need for the accelerated computing approach taken here. Fig. 3 illus­ 

trates this compute-precision frontier, showing that while modest pools 

suffice for low dimensions, achieving comparable precision gains in 

high-dimensional settings requires stringent acceptance rates (low 𝑞) 

and therefore larger candidate pools.

Two recurring planning questions follow naturally. First, does draw­

ing more candidates improve balance? No: balance is governed by 𝑞, 

and increasing draws mainly increases the number of accepted assign­ 

ments and hence the Monte Carlo resolution. Holding 𝑞=0.01 fixed, 

going from 10 

5  to 2 × 10 

5  candidates simply doubles the accepted set 

(from 1000 to 2000 assignments) and halves the minimum attainable 

randomization-test 𝑝 (from 0.0010 to 0.0005); balance itself is unchanged.

Second, how should 𝑞 be chosen? A simple planning heuristic is that 

rerandomization at level 𝑞 typically requires about 1∕𝑞 candidate draws 

per accepted assignment. A power-focused approach simplifies 𝑞 se

) 2lection: specify (𝑛 

 

, 𝑛 

 

, an outcome scale 𝜎, a plausible 𝑇 𝐶 𝑅  

 , and the 

effect size of interest |𝜏| with desired power and size. In an example 

𝑑=1000 𝑛 =𝑛 =500 𝜎=1 𝑅 

2high-dimensional case ( , 
  

, ,  =0.4), targeting 𝑇 𝐶
a two-sided 𝛼=0.05 test with 80% power for |𝜏|=0.2 implies a rec

ommended acceptance probability of 𝑞 

⋆ ≈ 0.000012, or about 81226 

draws per accepted assignment. This inversion is implemented by 

diagnose_rerandomization(). 

­

­ 

In sum, we recommend the following iteration cycle for selecting 

imbalance thresholds in a given scenario:

1. Start with a coarse 𝑞, compute RMSE 𝜏 

 from the observed 𝑀 , using 

parameters from prior literature.

2. Tighten 𝑞 if |𝜏|∕ RMSE is below the power target.

3. Stop when additional tightening results in minimal change. 

2.3 . Software functionalities

The package exposes four core functions. Further details are provided 

in Appendix B. 

build_backend(). Creates a minimal conda environment (e.g., named 

"fastrerandomize") with Python and JAX dependencies. If a GPU or 

TPU device is present, the package selects an appropriate accelerated 

backend. 

generate_randomizations(). Constructs pools of acceptable assign­ 

ments under a specified balance criterion:
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Fig. 3. The Compute-Precision Frontier. Theoretical RMSE reduction (%) versus complete randomization (assuming 𝑅 

2 = 0.5) as a function of required candidate 

draws (1∕𝑞) across dimensions 𝑑 ∈ {30, 100, 300, 1000}. Achieving meaningful precision gains in high-dimensional settings (𝑑 > 100) requires stringent acceptance 

criteria.

• Exact enumeration (randomization_type = "exact"): systemati­

cally iterates over all possible assignments when feasible.

• Monte Carlo ("monte_carlo"): draws and filters batched candi­

dates, storing keys for accepted draws.

Users control stringency via randomization_accept_prob. Hotelling’s 

𝑇 

2  is the default balance metric; a custom vectorized function can be 

supplied.

diagnose_rerandomization(). Maps the diagnostics in Section 2.2 

into a single planning tool. Given either an observed imbalance sum­ 

mary or design-stage inputs (𝑛 𝑇 

, 𝑛 𝐶 

, 𝑑, 𝑅 

2 , 𝜎, |𝜏|), the function reports (i) 

the implied realized RMSE and a conservative upper bound, (ii) the ex­ 

pected ex-ante RMSE under a given acceptance probability 𝑞, and (iii) 

the largest 𝑞 that meets a user-supplied precision or power target.

randomization_test(). Implements design-respecting inference con­

ditional on acceptance: the observed statistic (e.g., difference-in-means) 

is compared to its distribution across accepted assignments, yielding an 

exact or approximate 𝑝-value for the sharp null [1,2,15] (depending on 

whether full enumeration or Monte Carlo is used). Optional inversion 

returns a fiducial interval [16]. Because only accepted assignments en­

ter the reference distribution, 𝑝-values are lower-bounded by 1∕𝑀 Accept 

, 

where 𝑀 Accept is the number of accepted draws [15].

3 . Illustrative example and workflow

High-dimensional pre-treatment features—e.g., text embeddings, 

satellite-image descriptors, or network-derived covariates—are increas­ 

ingly common [3–5]. fastrerandomize is designed to enable stringent 

rerandomization in these settings while preserving design-based guar­ 

antees.

To fix ideas, consider a field experiment that randomizes roughly 

𝑛 ≈ 1000 villages into treatment and control. For each village, investiga­ 

tors construct a high-dimensional vector 𝑋 𝑖 

 from strictly pre-treatment 

satellite imagery, using a CLIP-based neural network image embedding 

model to extract the 768 features summarizing settlement structure, 

roads, vegetation, and other contexts [4,18]. Researchers would like vil­ 

lages to be well-matched on these remotely sensed covariates, so that 

outcomes are not confounded by local conditions visible from above. 

Achieving this with a tight rerandomization rule—for example, keeping 

only the best 1% of candidate assignments by imbalance in 𝑋—can sub­ 

stantially shrink the imbalance component of the MSE (2.2), but requires 

generating on the order of 1∕𝑞 candidate draws per accepted assignment. 

With 𝑑 in the hundreds, such regimes quickly become intractable for 

existing methods. A typical fastrerandomize workflow in this context 

is:

1. Prepare covariates. Assemble the 𝑛 × 𝑑 matrix 𝑋 (rows are 

units, columns are features). Column-wise standardization is rec­ 

ommended. Covariates predictive of the outcome should be prior­ 

itized for inclusion in 𝑋.

2. Choose stringency. Set randomization_accept_prob to the de­

sired acceptance probability, 𝑞, following the diagnostic approach 

outlined in Section 2.2 in order to model balance-compute-

power trade-offs. Holding 𝑞 fixed, increasing the number of 

draws enlarges the accepted pool (lowering the minimum at­ 

tainable randomization-test 𝑝-value) without changing expected 

balance. diagnose_rerandomization() can be used to select 

an acceptance probability or threshold consistent with a target 

precision/power.

3. Generate candidates at scale. Call

generate_randomizations() (usually with randomization_type 
= "monte_carlo"), using batched draws and, where available, 

GPU/TPU acceleration to evaluate balance statistics in parallel. 

Internally, fastrerandomize relies on key-only storage to avoid 

holding large binary assignment arrays in memory.

4. Infer with design respect. Use randomization_test() to com­

pute 𝑝-values (and optionally fiducial intervals) from the distribu­ 

tion of the test statistic over the accepted assignments, preserving 

design-based validity under either exact or Monte Carlo genera­ 

tion.

4 . Impact

Enabling stringent balance at scale. Rerandomization improves the pre­ 

cision of treatment effect estimators by conditioning on good covariate 

balance [1,2]. In practice, stringent thresholds can sharply reduce accep­ 

tance probabilities, requiring large candidate pools. fastrerandomize 

makes this regime tractable through batched, compiled kernels and 

optional GPU/TPU acceleration (Fig. 4). In comparative simulations, 

we observe speedups over baseline implementations exceeding 42× in 
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Fig. 4. GPU acceleration: CPU forms batched candidates; balance checks are parallelized across many compute units on the GPU.

Fig. 5. Baselines and fastrerandomize’s CPU/GPU runtimes for 𝑛=100. Bars 

show elapsed time (seconds) for (top) generating large pools of randomizations 

and (bottom) randomization-based inference, across covariate dimensions and 

rerandomization acceptance thresholds (𝑞 ∈ {0.01, 0.005, 0.00025}). Base R 

and jumble implementations are shown only for scenarios in which they com­ 

plete within a reasonable time frame; in larger-scale settings or when 𝑛 ≤ 𝑑, 

they become computationally prohibitive or do not produce results with default 

settings.

high-𝑑 and high-𝑛 regimes and when requiring more stringent accep­ 

tance thresholds.

To demonstrate, we report controlled benchmarks that vary sample 

size (𝑛), covariate dimension (𝑑), and Monte Carlo draw size (Figs. 5–6). 

For 𝑛=100 and 𝑑=100 with 𝑞 = 0.005, the GPU backend (both Apple M4 

[METAL] and NVIDIA RTX 4090 [CUDA]) completes pool generation in 

about 5 s, versus 112 s for a baseline R approach (≈ 24× speedup). We 

also benchmarked the recent jumble package [13], currently one of the 

only other R tools that perform rerandomization with a user-specified 

acceptance rate. jumble’s performance lags behind the pure-R baseline, 

confirming that our gains stem from batched, XLA-based compilation 

and hardware acceleration rather than minor R implementation differ­ 

ences. Relative to the XLA-optimized fastrerandomize CPU backend, 

GPU execution reduces runtime by up to 96% at 𝑑=1000. At 𝑛=1000 and 

𝑑=1000, pool generation falls from 91 s (CPU) to 7 s (GPU) at 𝑞 = 0.005. 

Fig. 7 shows how the GPU advantage increases with problem size in 𝑛.

Reducing memory pressure. Key-only storage decouples evaluation from 

retention. Assignments are generated and evaluated in place; only the 

compact keys for accepted draws persist. If a key consists of two inte­ 

gers (𝐿=2) and 𝑛=10 

3 , retaining keys instead of full 0∕1 vectors reduces 

memory usage by roughly a factor of 𝑛∕𝐿 ≈ 500 (Fig. 2). This enables the 

consideration of stringent randomization thresholds without exhausting 

memory.

Design-based inference. By returning a structured object for accepted 

draws, fastrerandomize integrates well with randomization tests con­ 

ditioned on the acceptance structure. 𝑝-values are computed by compar­ 

ing the observed statistic to its distribution across accepted assignments; 

inversion yields intervals [15,16].

Fig. 6. fastrerandomize with CPU vs. GPU for 𝑛=1000. Bars show elapsed time 

(seconds) for (top) pool generation and (bottom) inference, across covariate 

dimensions and acceptance probability for rerandomization.

Fig. 7. GPU advantage grows with problem size. Bars plot the ratio of GPU 

(M4) speedups at 𝑛=1000 relative to 𝑛=100 (values > 1 indicate larger gains at 

𝑛=1000), by draw count and step (pool generation vs. inference).

Compatibility and ecosystem. fastrerandomize complements estab­ 

lished experimental design and inference packages [6–10] by focusing 

on the scalable construction of balanced assignment pools and on accel­ 

erated, design-respecting inference. For rerandomization-specific tasks 

such as power analysis and threshold tuning [11–14], fastrerandomize 

can serve as a downstream engine for candidate generation and testing at 

scale. The package also includes fast_distance() for accelerated pair­ 

wise distance calculations in applications beyond randomization, such 

as phylogenetics [19] and genomics [20].

5 . Conclusions

fastrerandomize brings rerandomization into the realm of large-

scale, high-dimensional experimentation by combining batched com­ 

putation, hardware acceleration, and memory-efficient storage with 

design-based inference. Practitioners can now adopt stringent balance 
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thresholds—even with thousands of units and covariates—without pro­

hibitive runtime or memory costs. Looking ahead, promising avenues

include multi-device parallelism for candidate generation and richer bal­

ance criteria tailored to structured text, image, or network covariates
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Appendix A. Derivations: from observed distance to target MSE   

We herein justify the formal expressions found in the main text. 

Throughout, let 𝑛 𝑇 

+ 𝑛𝐶  

 

= 𝑛, and assume Bernoulli(𝜋) or complete 

randomization with fixed 𝑛 

 

; replace 𝑛 

 

, 𝑛 

 

 by 𝑛𝜋, 𝑛(1−𝜋) when a design-𝑇 𝑇 𝐶
stage approximation is desired (i.e., treating 𝑛 ≈ 𝑛𝜋 and 𝑛𝐶 ≈ 𝑛(1 − 𝜋)). 𝑇
We do not claim novelty in these analyses, but include them here for 

clarity of exposition; for more information, see the foundational work of 

[1,2].

A. Conditional (realized) bias, variance, and MSE

∑−1Write 𝑍̄ 

 𝑇 = 𝑛  

𝑇 𝑖∶𝑇𝑖=1 

𝑍 𝑍 

  and ̄𝑖   analogously. Under the linear model,𝐶

iid𝑌𝑖  

(𝑡) = 𝛽 

⊤ 𝑋𝑖 + 𝜏 𝑡 + 2
 𝜀  

𝑖 ∼  

  

 

, 𝜀𝑖  

 

N (0, 𝜎 ),

the difference-in-means is

( )

𝜏 = ⊤
DiM = 𝑌 

 𝑇 − 𝑌𝐶  𝜏 + 𝛽  

 Δ𝑋 +
 

  𝜀̄
 

 𝑇 

− 𝜀̄ 𝐶 

, Δ 𝑋 

≡ 𝑋̄ 𝑇 − 𝑋̄ 

 𝐶 .

Conditioning on (𝑋, 𝑇 ), 
(

the noise
)

 term, assumed to be exogenous, has 

mean 0 2
 

 and variance 𝜎  
1  + 1

 . Consequently, we can write the fol𝑛 𝑇 𝑛 𝐶
lowing conditional error/offset term due to imbalance and a variance 

term due to sampling:

­ 

Bias(𝜏  DiM | 𝑋, 𝑇 ) = 𝛽 

⊤ Δ 𝑋 ,

Var(𝜏  DiM | 𝑋, 𝑇 ) = 𝜎 

2 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

,

MSE(𝜏  DiM | 𝑋, 𝑇 ) = Bias(𝜏  DiM | 𝑋, 𝑇 ) 

2 + Var(𝜏  DiM | 𝑋, 𝑇 )

= (𝛽 

⊤ Δ 𝑋 

) 

2 + 𝜎 

2 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

.

2
Relating (𝛽 

⊤ Δ 

 

)  to 𝑀 . Now, how can we bound or approximate 𝑋
( 2𝛽⊤ 

 Δ𝑋  

)  using only the realized multivariate distance 𝑀? Assume 

columns of 𝑋 are standardized and pairwise independent (in practice, 
∑

whiten 𝑋 so that Σ𝑋  

= 𝐼 𝑑 

). Then 𝑀 = Δ
 

 

⊤Δ𝑋  𝑋 = 2
 SMD𝑗  

 

, recall𝑗
ing that SMD j 

 indicates the standardized mean difference (SMD) for 

column/covariate 𝑗.

­

Two consequences follow.

1. 

2
(Bound) Cauchy–Schwarz: (𝛽 

⊤ Δ ) ≤ ‖𝛽‖2 ‖Δ ‖

2
𝑋 2 𝑋 2 = 𝜎 

2 

Prog 𝑀 , 

where ‖Δ ‖

2
𝑋 2 = 𝑀  by definition and since after standardiza

tion/whitening, it follows that Cov(𝑋 𝑖 

) = 𝐼 , and therefore𝑑

­

‖𝛽‖22 = 𝛽 

⊤ 𝛽 = 𝛽 

⊤ Cov(𝑋 𝑖) 2𝛽 = Var(𝛽 

⊤ 𝑋 𝑖) ≡ 𝜎 Prog 

.

The Cauchy-Schwarz bound represents the worst-case prognostic 

direction (𝛽 perfectly aligned with the realized imbalance vector 

Δ𝑋 ) and is therefore highly conservative in high dimensions.

The typical-orientation expression described next is the ex­ 

pected squared bias term when the prognostic direction 𝛽 is fixed 

but the imbalance direction is effectively random, which is the 

quantity of primary relevance in high-dimensional settings.

2. (Typical orientation) Assuming Δ 𝑋 

 is approximately multivariate 

Normal with covariance (1∕𝑛 +1∕𝑛 )𝐼  (e.g., by a CLT argument), 𝑇 𝐶 𝑑
which makes it spherically symmetric, we see that, conditional 

on ‖Δ ‖

2  2 = 𝑀 , the direction 𝑋 Δ 𝑋 

∕‖Δ𝑋  

‖2  

 is uniform on the unit 

sphere. Let 𝑢 ≡ 𝛽∕‖𝛽‖ 2 

. Then 

(𝛽 

⊤ Δ 𝑋 ) 

2 =
(

‖𝛽‖ 2
( 

𝑢 

⊤ Δ 𝑋
) 

)2

= ‖𝛽‖ 

2
2
( 

𝑢⊤Δ 𝑋 

) 2

= ‖𝛽‖22 ‖Δ 𝑋‖
2
2

( 

𝑢⊤ 
Δ 𝑋

‖Δ 𝑋 

‖2 

) 2
,

so 

E 

[ 

(𝛽 

⊤ Δ 𝑋 ) 

2
|

|

|

‖Δ 𝑋‖
2
2 = 𝑀 

]

= ‖𝛽‖22 𝑀 ⋅ E
[

(

𝑢⊤ 
Δ 𝑋

‖Δ 𝑋 

‖ 2

)2
|

|

|

‖Δ 𝑋‖
2
2 = 𝑀 

]

= ‖𝛽‖22 𝑀 ⋅
1
𝑑

=
𝜎 

2
Prog 

𝑑 

𝑀,

where the first equality holds from:
( )

The decomposition 𝛽 = ‖𝛽‖2  

𝑢 and Δ𝑋  

= ‖Δ𝑋  

‖2  

Δ
  

   𝑋 

∕‖Δ𝑋  

‖2 , 
2 ( )2

so (𝛽⊤ 

 Δ 

 

) = ‖𝛽‖2 ‖2 Δ𝑋 ‖

2 ⊤
‖ ‖ ; conditioning on 𝑋 2 𝑢 (Δ 𝑋 

∕ Δ𝑋  

 2)
‖Δ ‖

2
𝑋 2 = 𝑀  fixes the factor ‖Δ ‖

2
𝑋   at 𝑀 .2

The second equality follows from the rotational symmetry of the 

sphere:

If 𝑉  is uniform on the unit sphere and 𝑤 is any fixed unit 

vector, then E[(𝑤 

⊤ 𝑉 ) 

2] = 1∕𝑑 [21]: the typical squared co­ 

sine between 𝑤 and 𝑉  is 1∕𝑑; intuitively, a random direction 

in R 

𝑑  spends about a 1∕𝑑 fraction of its squared length in any 

fixed direction, so the average squared alignment with 𝑢 is 1∕𝑑. 

1 

Substitution into the conditional MSE yields the realized RMSE 

approximation.

Remark (general Σ𝑋 ). If Σ 𝑋 

≻ 0 −1∕2
, let 𝑋 = 𝑋Σ 1∕2

𝑋 , 
 

𝛽 = Σ 𝑋 𝛽, and Δ̃ =
̃̄𝑋 𝑋 

 

−1∕2
 𝑇 − ̄

 

 𝐶 = Σ Δ  

2
 

. Then 𝑀 = Δ 

⊤Σ 

−1Δ 

2 2
 

= ‖Δ̃‖  and = ‖ ‖̃ , 𝑋 𝑋 𝑋 𝑋 𝑋 2 𝜎 Prog  𝛽 2 

allowing the application of results from the standardized/whitened case.

B. Ex-ante MSE under complete randomization

Under complete randomization with standardized covariates 𝑋 (so that 

E[𝑋 ] = 0 and 𝑖 Cov(𝑋𝑖 ) = 𝐼𝑑 ), the treated and control sample means are

̄ 𝑋 𝑇 ≡ 

1
𝑛 𝑇

∑

𝑖∶𝑇 𝑖=1
𝑋 𝑖, ̄ 𝑋 𝐶 ≡ 

1
𝑛 𝐶 

∑

𝑖∶𝑇 𝑖=0
𝑋 𝑖,

and the covariate mean difference is Δ𝑋 ≡ 𝑋̄ 𝑇  

  

 

− 𝑋̄ . By symmetry of the 𝐶
randomization, 

E[𝑋̄𝑇 ] = E[𝑋̄ 𝐶 ] = 0 → E[Δ 𝑋 

] = 0.

1 −1More specifically, if 𝑉  is uniform on 𝑆 

𝑑   then by symmetry E[𝑉 𝑉 

⊤ ] = 𝑐 𝐼 𝑑
for some 𝑐, and taking traces gives E[‖𝑉 ‖

2
2 ](= 1) = tr(E[𝑉  

  𝑉 

⊤]) = 𝑐𝑑; solving for 

𝑐 yields E[𝑉 𝑉 ⊤  

 

2
  ] = 𝐼 

⊤
𝑑∕𝑑 and hence E[(𝑤  

 

 

𝑉 ) ] = 𝑤⊤
 E[𝑉 𝑉 

⊤]𝑤 = 1∕𝑑 for any unit 

vector, 𝑤.
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Treating units as independent draws from a super-population with 

Cov(𝑋 𝑖) = 𝐼  

 

, the variance of each sample mean is𝑑

Var( ̄ 𝑋 𝑇 ) =
1
𝑛 𝑇

𝐼 𝑑 , Var( ̄ 𝑋 𝐶 ) = 

1
𝑛 𝐶 

𝐼 𝑑 ,

and the treated and control groups are independent under the i.i.d. 

super-population model. Hence, 

Var(Δ 𝑋 

) = Var( ̄ 𝑋 𝑇 − ̄ 𝑋 𝐶 ) = Var( ̄ 𝑋 𝑇 ) + Var( ̄ 𝑋 𝐶 ) = 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

𝐼 𝑑 

.

Now consider the scalar random variable 𝛽 

⊤ Δ . Using ,𝑋  

 

E[Δ𝑋  

] = 0

E[𝛽 

⊤ Δ 𝑋 ] = 𝛽 

⊤ E[Δ𝑋  

] = 0, 

[

so E
 

 (𝛽 

⊤ Δ 𝑋 )
2 

] 

 

 = Var(𝛽 

⊤
 

Δ 𝑋 

). By the bilinearity of variance for linear 

forms, 

Var(𝛽 

⊤ Δ 𝑋 

) = 𝛽 

⊤ Var(Δ 𝑋 )𝛽 = 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

𝛽⊤ 𝐼 𝑑𝛽 = 

( 

1
𝑛 𝑇

+ 

1
𝑛 𝐶

)

‖𝛽‖22.

Recall that, under standardized 𝑋, the prognostic variance is 

2𝜎 Prog ≡ Var(𝛽 

⊤ 𝑋 𝑖) = 𝛽 

⊤ Cov( 2𝑋 𝑖)𝛽 = 𝛽 

⊤ 𝐼 𝑑𝛽 = ‖𝛽‖2,

so 

E 

[ 

(𝛽 

⊤ Δ 𝑋 

) 

2] 

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

)

𝜎 

2
Prog 

.

From the conditional decomposition (above): 

MSE(𝜏  DiM ∣ 𝑋, 𝑇 ) = (𝛽 

⊤ Δ 𝑋 

) 

2 + 𝜎 

2 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

, 

taking expectations over the randomization yields

E
[

MSE(𝜏DiM) 

]

= E 

[ 

(𝛽 

⊤ Δ 𝑋 ) 

2] 

+ 𝜎 

2 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) (

𝜎 

2 + 𝜎 

2
Prog

) 

.

We might, however, want to consider how the MSE varies with the

rerandomization acceptance rule, which we examine next.

 

C. Effect of a mahalanobis acceptance rule

Strategy. Our goal is to understand how a Mahalanobis acceptance 

rule, 

accept ⟺ 𝑀 = Δ 

⊤
𝑋Δ 𝑋 

≤ 𝑎,

alters the distribution of the treated–control mean difference Δ 

 

 and 𝑋
therefore the ex-ante MSE of 𝜏DiM . Under the Gaussian (CLT) approx

imation with whitened covariates, Δ 

 

 is approximately isotropic, so 𝑋
conditioning on 𝑀 ≤ 𝑎 is geometrically

√

 just truncating an isotropic 
 

Gaussian to the Euclidean ball of radius 𝑎. The key observation is that 

the event {𝑀 ≤ 𝑎} depends only on the radius of Δ 𝑋 

 and not its direction; 

therefore, the conditional direction remains uniform on the sphere, and 

the conditional covariance must shrink by a scalar factor found below, 

yielding the shrunken MSE under rerandomization.

­ 

( ( )

 Δ𝑋 ∼ N 0 1 1
 ) 

, +𝑛  𝑛 𝐼𝑑 
𝑇 𝐶

Details. Because under the CLT,  
  

is approxi

mately spherically symmetric under the assumptions outlined above, we 

can write it in spherical coordinates as

­

Δ 𝑋 

= 𝜌𝑈, 

where

• 𝜌 ≡ ‖Δ ‖𝑋  2 

≥ 0 is the random radius;

 𝑈 ≡ Δ ∕‖Δ 

 

‖ 2 

 is the random direction, which is uniform on the 𝑋 𝑋
unit sphere 𝑆 

𝑑−1.

•

2Because the squared norm of a 𝑑–dimensional Gaussian vector has a 𝜒𝑑 

distribution, 

𝜌 

2 = ‖Δ 𝑋‖
2
2 ∼ 

( 

1
𝑛 𝑇

+ 

1
𝑛 𝐶

)

𝜒2
𝑑 , (A.1)

with 𝜌 independent of the random direction, 𝑈 . The acceptance event 

{𝑀 ≤ ≤ 1
 𝑎} is equivalent to {𝜒2

 𝑐} with 𝑐 ≡ 1
𝑑  𝑎∕( +𝑛  ). Equipped 

𝑇 𝑛𝐶 
with this definition of acceptance, we can now evaluate the conditional 

expectation of the imbalance outer product, which we need because it 
2

allows us to compute the expected squared prognostic bias, (𝛽 

⊤ Δ𝑋  

)  

 , 

via the quadratic form 𝛽  

 

⊤E[Δ ⊤ . Using ⊤  and the 𝑋
 

 Δ ] E𝑋 𝛽 [𝑈𝑈  

  

 

] = 𝐼𝑑∕𝑑
independence of 𝜌 and 𝑈 , 

E 

[ 

Δ𝑋Δ 

⊤
𝑋
|

|

|

𝑀 ≤ 𝑎 

]

= E 

[ 

𝜌 

2𝑈𝑈 

⊤ 
|

|

|

𝜌 

2 ≤ 𝑎 

]

= E 

[

𝜌 

2 
|

|

|

𝜌 

2 ≤ 𝑎 

]

⋅ E[𝑈𝑈 

⊤ ]

= E 

[

𝜌 

2 
|

|

|

𝜌 

2 ≤ 𝑎 

]

⋅ 𝐼 𝑑∕𝑑. 

( 1Rerandomization shrinks the complete-randomization covariance +
)

𝑛 𝑇
1  

𝐼  by a single scalar determined by the truncated radial moment 𝑛𝐶 𝑑

E[𝜌2 

 ∣ 𝜌 

2 ≤ 𝑎] 2 (equivalently, by the truncated 𝜒  

  moment). In partic

ular, all directions shrink equally because the acceptance event depends 

only on the radius and does not privilege any coordinate direction. 

­

[

E
 ]

To evaluate the scalar  𝜌 

2
| 𝜌 

2 ≤  

 𝑎 , use the 𝜒 

2 representation in Eq. 

(A.1). Let 𝑍 ∼ 𝜒 

2
𝑑  so that 

𝜌 

2 = 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

𝑍. 

2Because {𝑀 ≤ 𝑎} ⟺ {𝜌  

 ≤ 𝑎} and 𝜌 

2 is a rescaling of 𝑍, the 

acceptance event is equivalently {𝑍 ≤ 𝑐} with

𝑐 ≡ 𝑎
1
𝑛 𝑇

+ 1
𝑛 𝐶

.

Therefore,

E
[

𝜌2 | 𝑀 ≤ 𝑎 

]

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

E 

[

𝜒2
𝑑 | 𝜒2

𝑑 ≤ 𝑐 

] 

.

It is convenient to summarize the effect of truncation by the dimension

normalized shrinkage factor

-

𝑣 𝑎 

(𝑑) ≡ 

E 

[

𝜒2
𝑑 | 𝜒2

𝑑 ≤ 𝑐 

]

𝑑 

∈ (0, 1), so that E
[

𝜒2
𝑑 | 𝜒2

𝑑 ≤ 𝑐 

] 

= 𝑑 𝑣 𝑎 

(𝑑).

A standard identity for truncated 𝜒 

2  moments (see footnote) gives the 

explicit form 2

𝑣 𝑎 

(𝑑) =
Pr(𝜒2

𝑑+2 ≤ 𝑐)

Pr(𝜒2
𝑑 ≤ 𝑐)

.

Substituting
[

 this into the previously derived expression 

E Δ
 ] [ ]

Δ⊤ ∣ 𝑀 ≤ 𝑎 = E
 

 𝑋  𝑋       𝜌2 ∣ 𝜌 

2 ≤ 𝑎 ⋅ 𝐼  yields the isotropically 𝑑 

∕𝑑
shrunken second moment: 

E 

[ 

Δ𝑋Δ 

⊤
𝑋 | 𝑀 ≤ 𝑎 

]

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

𝑣 𝑎 

(𝑑) 𝐼 𝑑 

.

Moreover, E[Δ 

 

∣ 𝑀 ≤ 𝑎] = 0 by symmetry (the event 𝑋 {𝑀 ≤ 𝑎} depends 

only on ‖Δ 

 

‖2  

), so this is also the conditional covariance 𝑋 Var(Δ 𝑋 

∣ 𝑀 ≤
𝑎).

2 𝑋 2Let  ∼ 𝜒  with density 𝑑 𝑓𝑑  

( 1𝑥) = 

𝑑∕2−1 −𝑥∕2
2 

𝑑∕2 𝑥
𝑑∕2)

 

 Γ(
𝑒  for . Then𝑥 > 0

E[𝑋 𝟏{𝑋 ≤ 𝑐}] = ∫

𝑐

0
𝑥𝑓 𝑑 (𝑥) 𝑑𝑥 = 

1
2 

𝑑∕2 Γ(𝑑∕2) 
∫

𝑐

0
𝑥 

𝑑∕2 𝑒 

−𝑥∕2 𝑑𝑥.

Using Γ(𝑑∕2 + 1) = (𝑑∕2)Γ(𝑑∕2), the right-hand side can be rewritten as 

𝑑 ∫ 

𝑐

0
𝑓 𝑑+2(𝑥) 𝑑𝑥 = 𝑑 Pr(𝜒2

𝑑+2 ≤ 𝑐). 

2Dividing by Pr(𝜒 ≤𝑑  𝑐) yields E[𝑋 ∣ 𝑋 ≤ 𝑐] = 𝑑 Pr(𝜒2 ≤𝑑+2  𝑐)∕ Pr(𝜒2 ≤ ) and 𝑑  𝑐
hence 𝑣 𝑎(𝑑) = Pr(𝜒2 ≤𝑑+2  𝑐)∕ Pr(𝜒2 ≤ ].𝑑  𝑐), as in [1
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Consequently, the expected squared prognostic bias among accepted assignments is

E 

[ 

(𝛽 

⊤ Δ 𝑋 

) 

2 

| 𝑀 ≤ 𝑎 

] 

= 𝛽 

⊤ E 

[ 

Δ𝑋Δ 

⊤
𝑋 | 𝑀 ≤ 𝑎 

]

𝛽 = 

(

1
𝑛    𝑇

+ 

1
𝑛𝐶

) 

𝑣 𝑎 

(𝑑) 𝛽 

⊤ 𝛽 = 

(

1
𝑛𝑇

+ 

1
𝑛𝐶

) 

𝑣 𝑎(𝑑) 𝜎2Prog,

where 𝛽 

⊤𝛽 = 𝜎 

2  under the standardized/whitened normalization. Adding the residual-noise variance term from Section A yields the ex-ante MSE Prog
conditional on acceptance:

E
[

MSE(𝜏DiM) | 𝑀 ≤ 𝑎 

]

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) ( 

𝜎 

2 + 𝑣 𝑎(𝑑) 𝜎2Prog

) 

.

Finally, the expected imbalance distance among accepted assignments follows immediately by taking a trace (since 𝑀 = Δ 

⊤Δ = tr(Δ Δ⊤ ) and 𝑋 𝑋  𝑋  

 𝑋
E[tr(𝐴)] = tr(E[𝐴])):

E[𝑀 | 𝑀 ≤ 𝑎] = E 

[ 

Δ⊤
𝑋Δ 𝑋 

| 𝑀 ≤ 𝑎 

] 

= tr E 

[ 

Δ 𝑋Δ 

⊤
𝑋 | 𝑀 ≤ 𝑎 

]

= 

(

1
𝑛 𝑇

+ 

1
𝑛 𝐶

) 

𝑑 𝑣 𝑎 

(𝑑).

D. Design-stage inversion for choosing a threshold

For a target two-sided test with size 𝛼 and power, 1− 𝐵̃ , a Normal approximation 

3  implies |𝜏|∕ RMSE ≳ 𝑧 1− ∕2 

+𝑧1− 

̃
 

, meaning that the signal-to-noise 𝛼 𝐵
ratio |𝜏|∕RMSE must be at least 𝑧1− 𝛼∕2 + 𝑧1− 𝐵̃  

 

 to achieve size 𝛼 and power 1 − 𝐵̃ [22]. 

4 

  Using the conditional-on-acceptance MSE,

RMSE 

2 (𝑎) = 

(

1
𝑛 𝑇

+ 1
𝑛 𝐶

) 

( 

𝜎 

2 + 𝑣 𝑎(𝑑)𝜎2Prog
) 

≤ 𝜏 

2
(

𝑧1−𝛼∕2 + 𝑧1−𝐵̃ 

) 2
,

where the MSE we are willing to tolerate after rerandomization cannot be larger than the square of the effect size divided by the usual Normal 

critical value sum for the desired power. Finally, one solves for the largest 𝑎 (or, equivalently, acceptance probability 𝑞) such that 𝑣 𝑎 

(𝑑) meets 

the inequality. Because 𝑣 𝑎 

(𝑑) is strictly decreasing in stringency, a scalar line search suffices. In fastrerandomize, this calculation is wrapped by 

diagnose_rerandomization() to return a recommended randomization_accept_prob given user-specified contextual factors.

Appendix B . Sample code snippets 

Installation and backend setup 

Generate assignments via Monte Carlo 

3 Assuming 𝜏 ∼ ( 2 𝜏−̂ N 𝜏    𝜏, RMSE ), the standardized statistic 𝑍 = ∼ N (0, 1). Under 𝐻0  

 

∶ 𝜏 = 0̂ 𝑍 = 𝜏, ∼ N (0 1). Under 𝜏 RMSE
  

RMSE
  , 

𝜏 𝜏 

𝐻 𝜏
 ∶ 𝜏 ≠ 0 𝜏, 1 = 𝑍 + ∼

( )

 RMSE 𝜏 RMSE 𝜏

N 𝜏
 

RMSE 

, 1 .
𝜏

4 For a two-sided 𝑧-test that rejects when |𝜏|∕ RMSE > 𝑧  1−𝛼  

, the Normal approximation gives∕2

Pr(reject ∣ 𝜏) = Pr 

(

|𝑍 + 

𝜏
RMSE

| > 𝑧 1−𝛼∕2 

) 

, 𝑍 ∼ N (0, 1). 

A conservative sufficient condition for achieving power 1 − 𝐵̃ is

|𝜏|
RMSE

≥ 𝑧 1−𝛼∕2 + 𝑧1−𝐵̃ 

.
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